[40th c.C. Exam., 1995 | -

- MATHEMATICS, PAPER -1
Time : 3 Hours | [ Max. Marks : Zl}ﬁ
. Answer any five questions.
1. (@) If Uand W are subspaces of a ﬁmte-dlmenmonal vector spaee -
VF, then prove that
. ' d1m(U+W) dunU+d1mW dlm(UnW) |
('b) Suppose that x andy are vectors and U is a subspace of a
~ vector space V.. Let W be the subspace spanned by U and x
and let Y be the subspace spanned by U and y Prove that if
. yIW-U,thenxXY.
(c) Show that the vectors (Z,, Ez) and My, m,) in C2 are linearly -
~ _dependent if and only if il, N5=Z, 1
2. (@) :Define a linear transformation from a vector space U into a
" vector space. V. Show that the set L (V- V") of all linear
. transformations from a vector space ¥ to a vector space ¥, is
a- vector space. under su1tably def‘ ned addition and scalar

multiplication.

(b) Forany linear transfonnatmn T Vo> Vprove the following
~ Statements : :
() Ifv,v,, ..., are lmearly dependent vectors in ¥, then

T(v ) T(v ) T(v ) are linearly dependent vectors in V.
(i) vy (T5 < min (dlm V, dim ¥ ") where yT denotes the rank of °
T and dim ¥ and dim V' denote the dimention of ¥ and V'
- respectively. :

e
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(c) Find a set of three orthonormal eigenvectors for the matrix :
3 0 0
0 4 V3

0 V3 6]

3. (a) Assummg f "(x) continuous in (a, b) show that

|

| K®~H®b ~ﬂm———=—w @) (c=b)f "(Z)

Where Cand both lie in (a, b)
(b) Prove that the area of the triangle formed by the tangents at

: 2 2
| X
any point of the ellipse —5~ + i'_f = 1 and its axes, is a minimum
a

wam(fp)
lex

e e P Syl e

“{c) Evalatehim M X 2
| =0Ty e
4. (a) Show that Io xlogsmxdx—-é-n logE.

(b) The loop of the curve Zay =x(x-a)’ revolves about x-axis,
find the volume of the solid so generated.

: -1 y
(c) Prove that _[0 - (ax)dr=-§l-nlog(l+a) ifa20.

x(1+x%)
5. (a) Prove that the locus of the poles of normal chords with respect
2 2
to the hyperbola %— - -i—z- = |, is the curve
d .

06},2 b62—(a +b2)2 2 2
(b) A sphere of constant radlus passes through the origin 0 and
cuts the axes in 4, B, C. Find the locus of the foot of the

perpendicular from 0 to the plane ABC.
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Prove that the propérty o = constant characterizes a helix,

‘where K denotes the curvature and ¢ denotes the tersion.,

Show that the equation
(4x + 3y +1)de+ (3x+2y+ Ddy=0

_ represents a family of hyperbulas having as asymptotes the

(b)

Solve 2 +X 2 ey
. J dr y

(2) Fi

| H [x- dy d= + (x> y—..‘")d:dx+(23y+y-—) d.vdr]=:;-ﬂﬂ5

Ibounded by -.'= J 2

linesx+y=0and2x +ty+ .=

e

20’)’ i
dx

SOlVé ; (_13' - ——) d.l'_—'x y pr =._

dxz i
i gwen thaty 0 ancl i__—l when x= 0 e ‘. ;‘5"
'_Solve dx; afy —+y= (1+smx ) ok
‘Define the dwergence of avector point functlon and prove -

that div (sU) = U. grad s + s div U.
A particle moves along the curve x — £ + 1, y = 12 z=2t+5,
where ¢ is the time, Fmd the components of its velocity and

acceleratlon at t=1in the dlrectmn i + J + 37;

Use Gauss dwergence theorem to prove that
.

where S is the entire surface of the hemlsphencal region

- x? —y and z = 0
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"9, Solve:(a) D*+2D+1y....xcosx

p) dz_’t’

dx?

ay ;-2
3 —x——=3yx“ log;
o) x* = -v5e-dyx’ logx

dv

(c) sin r—j— ..... cosy(l—xcosy) .
X

10 (a) In a smooth hemispherical cup is placed a heavy rod equal in
length to the radius of the cup, the centre of gravity of the rod
~ being one-third of its length from one end; show that the angle

- made by the rod with the vertlcal 1S tan~ (:J_ ).

- (b) A given length 2s of a uniform chain case to be hung between
. two points at the same level and the tension has not to exceed

_ the weight of a length /e of the cham Show that the greatest- |

!e+s

‘spanlsJ!e —.s' log g

~(€) Arod, resting on a rough mchﬂed plane, whose mclm*atlon a -

. . tothe horizon is greater than the angle of friction A, is. free to

turn about one of the ends, which isattached to the plane: show

" Fod to the line of the greatest slope is §in~ (tan Xcota) .

1. _(a) The velocity of a'train increases at a constant rate f, from rest
to v, then remains constant for an interval and finally decreases
.to zero at the constant rate fz Ifx is the total dlstance descnbed

2\ h- S

T prove that the total time taken IS - + [-i +—1-] '
(b) A parncle of mass m, is pro_|ected vertlcally under gravity, the -

- that, for eqy;hbnum the- greafest possnble inclination-of the_ |

resistance of the air bemg mk tnnes the velocity, show that the

2
| greatest height attamed by the particle is ——[l Tog(1+ 7‘~)]

where v'is the termmal ve]omty of the partlcle and Av is the
 initial vertical velocity.

~(c) Find the law of force towards the pole under wh:ch the curve

r=aebcota is descrlbed
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