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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting questions :
There are EIGHT questions divided in TWO SECTIONS and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all.

Questions no. 1 and & are compulsory and out of the remaining, THREE are to be
attempted choosing at least ONE from each section.

The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which
must be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space
provided. No marks will be given for answers written in a medium other than the
authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard
meaning.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
question shall be counted cven if attempted partly. Any page or portion of the page left
blank in the Question-cum-Answer Booklet must be clearly struck off.
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WA
SECTION A

Q1. T ¥t & I i ;
- Answer all the questions : 10x5=50

(a) WH WY K Uh & ¢ a1 K[X], K W 06 THat = X § 95961 5l oed 2 |
T wgie f e K[X] % fog 7 & (f), £ g 9fa KX 3 qosmaeh
fafce = 2 | quise & (), KX § 0 3fers ot 2 aft o ow ol
f, K W 3@+ 9893 @ |

Let K be a field and K[X] be the ring of polynomials over K in a single
variable X. For a polynomial f € KI[X], let (f) denote the ideal in K [X]
generated by f. Show that (f) is a maximal ideal in K[X] if and only if f is
an irreducible polynomial over K. 10

(b) f(x):xzsi.nl,0<x<oo
X

U ST T BeE f: (0, ) > R % U 2wfew 5 s ooy %M
SR> RE f o AR @ 2 |

For the function f : (0, <) > R given by

f(x):xzs'ml,0<x<oo,
X

show that there is a differentiable function g : R —, R that extends f. 10
(©) < AHA (x,) T fy,} o g tmra: wieafia & & :

1
S5 yi=1dq x = /Xn 1 ¥pn-1, n=2,3,4,..

.._1_=—1- i—}- 1 3 n=2,3,4,--.
Yn 2 X2 Yna

farg <o f
X PR < =23 A
au frm K 6 A1 ogen v € @aa (limit) ! ® RERE g E,

Gﬁ%da:l%l
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Q2.

(d)

(e)

(a)

Two sequences {x,} and {y,} are defined inductively by the following :
1
2;_1 = —2~r yl =1 Elllli XH-— ﬂxn__l yn_l ’ n:.?., 3, 4, el

izz[i+ 1 ] Sael

yn 4 Xn ynvl

Prove that

Xy _1<E,<¥p<¥p_1, D0=2381,..

and deduce that both the sequences converge to the same limit [,

Where% e il 10

??E[Tv(x,y)=x3—3xy2+2y @WW%9waﬁﬁmaﬁTﬁm I
afe &, q Tee T THaTd %o u(x, y) A hIRT qAT 399 ferveiiven wer
e HifTe R areafass quT shicufeh W HAY: u el v E |

Is v(x,y)= X0 3xy2 + 2y a harmonic function ? Prove your claim. If yes,
find its conjugate harmonic function u(x,y) and hence obtain the
analytic function whose real and imaginary parts are u and v
respectively. 10

S=aUHt
x+2y>1, 2x+y<1, x>0 @41 y=0
3 WY 5x + 2y I ehan qH A@ i gra s il |

Find the maximum value of
5x + 2y
with constraints

x+2y>1, 2x+y<1, x>0 and y=0
by graphical method. 10

guisy 5 Avft

i(_l)n+1
n+1
n=1

Ty w2 | (AR @ o ¥ e sa feadt SR /@ T R S
¥, @ IEehi /3AHT Syt oft §NT 1)
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Show that the series

oo

(_1)D+1
Z n+1

n=1

is conditionally convergent. (If you use any theorem(s) to show it, then
you must give a proof of that theorem(s).) 15

(b) WM T p TH M T @ A1 2 Ui Higgen p % A wqg h Fféy
U & | ST foh Z ) <1 Sedieh YR e Z ) 1 S B ©

Let p be a prime number and Zp denote the additive group of integers
modulo p. Show that every non-zero element of Zp generates Zp. 15

(c)  ferhariero Hifs
z = 21 + 3Xg + 6Xg
i |
2%1 + X9+ Xg<5
3%5 +2x3<6
x120,%920,x%320.

FT IEAH B Al & 2 A9 W 1 i v |

Maximize
z = 2Xq + 3Xg + 6Xq
subject to
2%1 + X9 +X3<5
39 +2x5<6
x120,%20,x320.
Is the optimal solution unique ? Justify your answer. 20

Q3. (a) WH #ifVT K, & F o U for ® | firg Fifvie 76 K % o199q, o 76 F W
oS &, KT U8 §91d & | 3, A F c K c L 89 8, L, K W &5 8
Ul K, F R 07 8, a9 fog fifse &6 L, F o s 2 |

Let K be an extension of a field F. Prove that the elements of K, which
are algebraic over F, form a subfield of K. Further, if F ¢ K c L are
fields, L is algebraic over K and K is algebraic over F, then prove that L

is algebraic over F. 20
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(b)

(c)

Q4. (a)

(b)

(c)

B

fix, y):x4+y4—2x2+4xy—2y2
%aﬁwmawﬁmﬂmmﬁml

Find the relative maximum and minimum values of the function

fix,y) =x* + y* - 9x2 ¢ 4xy — 2y2. 15
A i

y:[0,1] > C s

¥t =e?™ D<t<1
& | Sfifeed sam gu il (sheen) wmeher

dz
422 -1

¥

wmmzﬁﬁql

Let

v: [0, 1] - C be the curve
Yt =e*mt g<t<1.
Find, giving justifications, the value of the contour integral 15
dz
J. dz® —1
¥

afEe R T siorm: W & o 3 |

Show that every algebraically closed field is infinite. 15

HH T £: R R Teh Hqd Bl 39 IR 3 fF lim f(x) 99T lim f(x) <l

X—+oco X——0c0

fedea 2 a9 3 aiifig § | g Fifde 5 R W f UHEqH 9ad 2 |

Let f: B — R be a continuous function such that lim fix) and lim f(x)
X—>+co X—>—0o0

exist and are finite. Prove that f is uniformly continuous on R, 15

ferg Sl T sredes = @t gwss 1ot g & st uw Rvaifies wod =)
fefia et 2

Prove that every power series represents an analytic finction inside ite
circle of convergence. 20
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Q5.

Qe B

SECTION B

weft ST o ST GINIT :

Answer all the questions :

(a)

(b)

(c)

x2+y2+z2=cz§mﬁqwfﬁ?ﬁé€%%mﬁvﬁﬂgﬁé‘imm
HefiehTor FTd I |

Find the general equation of surfaces orthogonal to the family of spheres

given by x? + y2 + 72 = cz.

a1 A az[z_%}i,zy_sz_%z,xﬂay_%} % =9 & v 2 2,

312 it r

& Q(u,v, w) FREABEE AFTE AN T = (x,7, AT 2=+ 2+ 280
X %2 +y2=9,z=0H IREAW (circulation) FT & ?

Does a fluid with velocity ﬁ} = [Z - ?-}E, 2y — 3z — —2—31, X —3y - -'iz]

T r r
possess vorticity, where _oi (u,v,w) is the velocity in the Cartesian
frame, T =(x,y,2z) and r2 =x%+ y2 + z2 2 What is the circulation in the

circle x> + yz =9, z=07?

m GedH <kl Ush Hth-<hUl, EIRCE I UG e ea| (space)ﬁ UIGEIE %, <l
FreTe ST | AR W ¢ = 0 O HeI-feg § YE il § qe ¢ e fEid
(x, y, z) T 9§ 2, @ gieed SR B S Hl x, y, 2, T b T He
% w9 T Fd hINT | '

Consider a single free particle of mass m, moving in space under no
forces. If the particle starts from the origin at t = 0 and reaches the

position (x, y, z) at time T, find the Hamilton’s characteristic function S

10x5=50

10

10

as a function of %, y, z, T.
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(d) FafaRea wmee geed wt gea fg-onut aun wiew-au wenedt |
&[T, :
(i) 4096
(i) 0-4375
(iii) 2048:0625

Convert the following decimal numbers to equivalent binary and
hexadecimal numbers : 10

@) 4096
(1) 0-4375
(iii) 2048:0625

(e) 3T 3Tehed GHISHTOT

(y+zx)p—-X+yz)q=x —y2

1 A9 THThS T hitg |

Find the general integral of the partial differential equation
(y+zx)p—-(xX+yz)q=Xx —y2 10

Q6. (a) THHWI z = p? — g2 & 3feyr Fuffta Hfse, T Wae™ 4z + x2 = 0,
y = 0¥ TS JTell GHIehel I8 F1d i |
Determine the characteristics of the equation z = p? — g%, and find the
integral surface which passes through the parabola 4z + x2 =0, y=0. 15

© FUT D IRER e W B THEEAE G F e-Rg O W YEer m
ﬁwm@%laﬁﬁﬂﬁsw%%@ﬁﬁgpméﬂﬁmﬂ¢mm
——UrcosG% GiaTOP—rasnea'eaﬁm%GhOP e § % WY s
%lm@mmaﬁwmﬁmmm%%q@i
Ur? sin? 0 — 2m cos 6 = 3= (constant) W @ g |

A simple source of strength m is fixed at the origin O in a uniform
stream of incompressible fluid moving with velocity U? . Show that the
velocity potential ¢ at any point P of the stream is B Urcos 6, where
OP = r and 0 is the angle which 61; makes with thlt'e direction T Find
the differential equation of the streamlines and show that they lie on the
surfaces Ur? sin? § — 2m cos 0 = constant. 15
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Q7.

(c)

(a)

(b)

A <fifSE x € [0, llimﬂx):eszOSSX% I:ﬁ€x=0,x=0-3,x=0'6
A x = 1 W I 3 % AU AN TGI8 Bl FH L 8¢ £(0-5) % WA
e HINT | e [0, 1] W IR W1 A araress IR E(0-5) H
e ot AR | |

Let fix) = e2X cos 3x, for x € [0, 1]. Estimate the value of f(0:5) using
Lagrange interpolating polynomial of degree 3 over the nodes x = 0,

x = 03, x = 006 and x = 1. Also, compute the error bound over the
interval [0, 1] and the actual error E(0-5).

S

53 ox%0y 0% Oy> oy

Solve the partial differential equation

3 3 3 3
g_g*zazz —~ 6z2+26_§:ex+y
ox ox“0y  0x 0y oy

firs=m3tl a, b (a < b) % Gl Hebeg M I & ¥ I SFE I T p o T
T W T R | At il B iinE R fen W, Tt It i x-fewn H am U

% HIY qUT TE qA B y-E F 1V F WY, @ sy fob wa hl IREEn
Tifer, o fasra

{a3U [l + % b3r“3) X — b3V[l - % aSr_S] y}
b -a°)

o & S B, W& 12 = x2 + y2 + z2 qu iy guenifies § | o & TRt
ot forg T o =1 7= HepTfTT |

The space between two concentric spherical shells of radii a, b (a < b) is
filled with a liquid of density p. If the shells are set in motion, the inner
one with velocity U in the x-direction and the outer one with velocity V
in the y-direction, then show that the initial motion of the liquid is given
by velocity potential

{a?’U (I + % b3r"3) X — b‘o'V(l + % agr_3] y}

(b3 -2a°)

o=

(I):

?

where 12 = x2 + y2 + z2, the coordinates being rectangular. Evaluate the

20

15

velocity at any point of the liquid.

M-ESC-D-MTH 8
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1
(c) HHTHSA If(X) dx % foTq, sy foh fg-famg TSw &meherd oo,
=1

j. £(x) dx = f[%} +_f[— .\/1_§.J
29

&
g e e 2 | 3 w1 swdne S 8 I2xexdx 1 3T HIfT |
2

1
For an integral If (x) dx, show that the two-point Gauss quadrature

—1
1

rule is given by If (x)dx =f [%] +f [— %J Using this rule, estimate

—
4

IQX e*dx. 15

2

Q8. (a) WﬁlOcmHﬂTwmﬂﬁ%ﬁwmlcmzaﬁﬁﬁ@%ﬁ
AT (e, ) T I | T ST oTedl p — 10 6 glew”, TOAT Frerhan
K = 104 cal / (cm sec °C) 1 Taf¥re 1 6 = 0:056 cal/g °C. B Uid:
uTfyeen ﬁl’ﬂ?ﬁ (perfectly isolated laterally) 2, Tl 1 0°C W wan T @
YR dUHE f(x) = sin (0-1 nx) °C 8 | I AT F u(x, t) arder s
utzczunﬁfaﬂm?m%,ﬁﬁczzl‘{/ (pc)%l

Find the temperature u(x,t) in a bar of silver of length 10 cm and

constant cross-section of area 1 cm?. Let density p = 10-6 g/cm3, thermal

conductivity K = 1-04 cal / (cm sec °C) and specific heat ¢ = 0-056 cal/g °C.

The bar is perfectly isolated laterally, with ends kept at 0°C and

initial temperature f(x) = sin (0:1 nx) °C. Note that u(x, t) follows the heat

equation u; = c? u__, where =K / (p ©). 20
M-ESC-D-MTH 9



(b)

(e)

TS [ q9T PohTd h IV ¢ Y Th Foh FL GUAA W r BSAT H TH g
R fFeel e @1 8 | o i Stua s Fidwe G | sy, Il
HE &, O T oY | 9 * faw st wer fafay | 99 @ s ge
T GHT W e fat O 39 T S i Shifsr 4

A hoop with radius r is rolling, without slipping, down an inclined plane
of length / and with angle of inclination ¢. Assign appropriate
generalized coordinates to the system. Determine the constraints, if any.
Write down the Lagrangian equations for the system. Hence or

otherwise determine the velocity of the hoop at the bottom of the
inclined plane.

7 AT A, B, C 9 =R &, A T A g0 [icE 8ia1 8, AOR B {oU
96 A + B AT A AND B % foig e A . B ® | dt f=fafga sasie =i
T HIRT 991 AND 3R OR g8 &1 SEHTd $d gY Hiciishd oA
AT AR T |

A.(A+B+C).(A +B+C).(A+B +C).(A+B + C).

Let A, B, C be Boolean variables, A denote complement of A, A + B is an
expression for A OR B and A . B is an expression for A AND B. Then

simplify the following expression and draw a block diagram of the
simplified expression, using AND and OR gates.

A.A+B+C).(A +B+C).A+B +C).(A+B +C).

15

15
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